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(low discrepancy sequence) . 1 low discreapncy se-
quence , $n$ van der Corput sequence $\mathrm{A}\mathrm{a}$ .
Ninomiya([6],[7]) $\beta$ , low discrepancy sequence .
, 1 piecewise linear Markov ) van
der Corput sequence , low discrepancy sequence I
Mori([1],[2]) . Perron-Frobenius
. 1 , Perron-Frobenius
$([3],[4])$ .
, van der Corput sequnece ,
discrepancy Perron-Frobenius t .
2 . Perron-
Frobenius , , 1
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$I=[0,1]^{d}$ $d$ , $F$ $I$ . ,
$\int Pf(x)g(x)dx=\int f(F(x))g(x)dx$ (g\in L
$L^{1}$ Perron-Frobenius . $\{-\vee$




, $\xi>0$ . $DF$ $F$ .
1. $P$ 1 h . ,
$\rho(x)\geq 0$ $\int\rho(x)dx=1$ h
, .
2. , 1 , 1
. 1 , f]
.
3. $P$ $L^{1}$ , . $P$
, $\xi\geq\xi’>0$ , $|z|<e^{-\xi’}$
( ) , $e^{-\xi’}<|z|<1$
. 1 $\xi’=\xi$ .
3 , (1 )
$F$ piecewise linear . $A$ , $I$
$\langle a\rangle(a\in A)$ , $F$ $\beta$
. , $\beta=e^{\xi}$ . $A$
, $A$ $w=a_{1}\cdots a_{n}$ word . $n$ $w$ , $|w|$ . $w$
$\dot{l}=1\cap F^{-:+1}(\langle a:\rangle)n$
$\langle w\rangle$ . $x\in I$ , $wx$ $y\in\langle w\rangle$ $F^{n}(y)=x$ (
) . $x$ $F^{n}$ 1 .
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, 1 word
$ax,$ $bx,$ $\ldots(a<b<\ldots)$ . 2 word ,
$ax$ [ . $aax,$ $bax,$ $\ldots$ , { $bx$
$abx,$ $bbx,$ $\ldots$ { . , ,
$x,$ $ax,$ $bx,$ $\ldots,$ $aax,$ $bax,$ $\ldots$ , aaax , baax, . . .
van der Corput . Perron-Frobenius
, $J$ $1_{J}$
$P^{n}1_{J}(x)= \sum_{|w|=n}1_{J}(wx)\beta^{-n}$
. $n$ word $J$ $\beta^{-n}$
. , Perron-Frobenius , 1
.
Theorem 1 $([3][4])$ 1. $F$ piecewise linear . ,
Perron-Frobenius $e^{-\xi}<|z|<1$ t ,
$x\in I$ { , van der Corput sequence $\epsilon>0$ 3 \vee ) , $N$ { tt
discrepancy $N^{-1+\epsilon}$ . { $F$ Markov { , low
discrepancy ( $\log N/N$) .
2. $e^{-\xi}<|z|<1$ , $x\in I$ van
der Corput sequence low discrepancy $1$ .
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, . $I$
2 , $\theta$ . 2 $s_{0}$ $s_{1}$
. $s_{0}=0000\cdots$ . $s_{1}$ . $s_{1}$ $n$ word
$w_{n}$ . $n$ word $w_{n},$ $\theta w_{n+1},$ $\ldots,$ $\theta^{n}w_{2n}\text{ }$ D ,
$n$ word . 2 word digit $\mathrm{m}\mathrm{o}\mathrm{d} 2$
, . , , $w_{1}=1$ .
, 0 $w_{1}=1$ 1 word . $\theta s_{1}$
0 . , $w_{2}=10$ . $\theta w_{3}$ 2 word
, $w_{2}=10$ $\theta w_{3}=01$ )
$1$ .
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$w_{3}=101$ . , $w_{2}=10$ $\theta w_{3}=01$ $|$
word . $\theta^{2}s_{1}$ 2 0
, $s$ $\theta s$ 3 . , $\theta^{2}s$ 3
3 word . $\theta^{2}s=10\cdots$ $s$
3 . , $w_{5}=1010($
. -# , $k$ word




. $s_{1}$ $2k-1$ $2k$ 0
$\theta^{k}w_{2k}$ $k$ . , $w_{k},$ $\theta w_{k+1},$
$\ldots,$
$\theta^{k-1}w_{2k-1}$
, $i$ $0\leq k_{j}<k(1\leq j\leq i)$ $\theta^{k}w_{2k}$
. , $w_{2k}$ $2k+1$ $\sum j_{=1}\theta^{k_{\mathrm{j}}}w_{k+k_{j}+1}\sigma$.
. $s_{1}$ $2k+1$ .
.
Lemma 1 $w_{k+1},$ $\theta w_{k+2},$ $\ldots,$ $\theta^{k}w_{2k+1}$ $k+1$
.
. $k+1$ word $k+1$ word ,
1 . 1
$k+1\text{ }$ word $\mathrm{B}\mathrm{S}$
$\sum_{\mathrm{j}=1}\theta^{k_{j}}w_{k+k_{j}}=\sum_{j=1}$ \mbox{\boldmath $\theta$} w2+’




$k$ 0 $\cdots 0$ . $-\text{ }$ ,
$\theta^{k}w_{2k}=\Sigma \mathrm{j}_{=1}\theta^{k_{\mathrm{j}}}w_{k+k_{j}-1}$ , $\theta^{k}w_{2k+1}$ $\sum \mathrm{j}_{=1}\theta^{k_{\mathrm{j}}}w_{k+l}$
, $k$ 0 . !
.
$\ovalbox{\tt\small REJECT}$ $s_{1}$ $x\in I$ . $x$ 2 , $s_{0},$ $s_{1}$






.Lemma 2 $J$ $2k$ 2 .
$i_{1},\ldots,i_{k}\in\{0,1\}\cup s_{i_{1}}$





$i_{k}$ $y\in J$ 1 [ .
ffi- $s_{1}$ Lemma 1 .
$\tilde{x}=(\begin{array}{l}xy\end{array})$ , $x,$ $y$ 2 $k$ $i_{1},$ $i_{2},$ $\ldots,$ $i_{k}$ $j_{1},$ $j_{2},$ $\ldots,j_{k}$
.
$F^{(k)}(\check{x})=(\begin{array}{lll}s_{j_{k}} .(\theta s_{j_{k-1}})\cdot\cdot .(\theta^{k-1}s_{j_{1}})\cdot\theta^{k}xs_{i_{k}} .(\theta s_{\dot{\iota}_{k-1}})\cdot\cdot .(\theta^{k-1}s_{i_{1}})\cdot\theta^{k}y\end{array})$
. $i$ $j$ . , van der Corput se-
quence . ,
$(\begin{array}{l}pq\end{array})=(\begin{array}{lll}j_{k} \cdots j_{1}i_{k} \cdots i_{1}\end{array})(\begin{array}{l}xy\end{array})$
$p$ , $q$ 2 $k$ $i_{1},$ $i_{2},$ $\ldots,$ $i_{k}$ jl, $j_{2},$ $\ldots,j_{k}$ $F^{(k)}(\begin{array}{l}pq\end{array})=$
$(\begin{array}{l}xy\end{array})$ . $(\begin{array}{l}00\end{array})<(\begin{array}{l}01\end{array})<(\begin{array}{l}10\end{array})<(\begin{array}{l}11\end{array})$ $\tilde{x}$ 1
.
$\vec{x},$ $(\begin{array}{l}00\end{array})\tilde{x},$ $(\begin{array}{l}01\end{array})\tilde{x},$ $(\begin{array}{l}10\end{array})\tilde{x},$ $(\begin{array}{l}11\end{array})\overline{x},$ $(\begin{array}{l}0000\end{array})\tilde{x},$
$(\begin{array}{l}0010\end{array})\tilde{x},$ $(\begin{array}{l}1000\end{array})\overline{x},$ $(\begin{array}{l}1010\end{array})-,$ $\cdots$








. $x_{1},x_{2},$ $\ldots$ discrepancy
$D(n)= \sup_{J}|\frac{\#\{i\leq n.x_{1}\in J\}}{n}..-|J||$
. $\sup$ $d$ $I^{d}$ $J$ , $|J|$ $J$
(Lebesgue ) . , , $f$
$| \frac{f(x_{1})+\cdots+f(x_{n})}{n}-\int_{0}^{1}f(x)dx|\leq D(n)V(f)$
. $V(f)$ $f$ .
, $d=1,2$
$|D(n)| \geq O(\frac{(\log n)^{d}}{n})$
, $d\geq 3$ . ,
$|D(n)|=.O( \frac{(\log n)^{d}}{n})$
low discrepancy sequence . , low discrepancy
sequence , ,
.
van der Corput sequence low discreapncy . ,
$n$ word discrepancy . $D_{0}(n, J)$ $J$ $n$








$J$ $(k, l)$ 0 1 $i_{1},$ $\ldots,$ $i_{k}\text{ }j_{1},$ $\ldots,j_{l}$ , $J=J_{1}\cross J_{2}$
$J_{1}$ )il, . . . , $i_{k}$ 2 , $J_{2}$ $j_{1},$ $\ldots,$ $j_{l}$ 2
. $(n, n)$ $J$ $F^{(n)}$ $I^{2}$ , $F^{(n)}$
$l\mathrm{h}$
1 , $4^{-n}$ , $D_{0}(N, J)=0$ . $(n+k, n-k)$
$J$ , $n-k$ , $2k$ word $\cross[0,1]$ ?
. Lemma 2 , $y$ $k$ word
$\mathrm{A}1$
, $J$ $F^{(n)}$ $I$ . , $J$ $\tilde{x}$ 4) , $F^{(n)}$
1 . , $J$ $4^{-k}$ , $D_{0}(n, J)=0$
.
$\cross l_{2}$ $J$ discrepancy , $1-2-n<$
$l_{1},$ $l_{2}<1$ , $(1-2^{-n})^{2}$ $J_{0}$ , $D_{0}(n, J_{0})=0$
{ . $(l_{1}+2^{-n}-1)\cross 2^{-k}$ $2^{-k}\cross(l_{2}+2^{-n}-1)$ $(1 \leq k\leq n)$
1 $(l_{1}+2^{-n}-1)\cross(l_{2}+2^{-n}-1)$ 1 $2k+1$ {
discrepancy . $(l_{1}+2^{-n}-1)\cross 2^{-k}$ $(2n-k, k)$
$D_{0}$ 0 , 2-2n+ $2^{-k}$ $J_{k}$ discrepancy ,
1 $F^{(n)}$ , $4^{-n}$ , $|D_{0}(n, J_{k})|\leq 1$
. , $(l_{1}+2^{-n}-1)\cross(l_{2}+2^{-n}-1)$ $J_{n}$ $(n, n)$ {
, $|D_{0}(n, J_{n})|\leq 1$ . ,
$|D_{0}(n, J)| \leq 2\sum_{k=1}^{n}|D_{0}(n, J_{k})|+|D_{0}(n, J_{n})|\leq 2n+1$




, $o((\log N)^{2}/N)$ . -R $N$ 4) , $n+1$
$4^{n}$ $(\begin{array}{l}00\end{array})\tilde{x}$ , $4^{n-1}$ $(\begin{array}{l}0000\end{array})\check{x}$
. $\frac{4^{n+2}-1}{3}>N>\frac{4^{n+1}-1}{3}$ . $N- \frac{4^{n+1}-1}{3}$ 4
$N- \frac{4^{n+1}-1}{3}=a_{0}4^{n}+a_{1}4^{n-1}+\cdots+a_{n}$
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$(0 \ovalbox{\tt\small REJECT} a_{i}<4)$ . , $a_{0}$ $n$ word discrepancy $a$ ,
$n-1$ word discrepancy . ,
discrepancy
$3\{(2n+1)+(2n-1)+\cdots+1\}=3\{(n+1)(2n+1)-n(n+1)\}=3(n+1)^{2}$
. discrepancy $(\log N)^{2}/N$ . ,
van der Corput sequence low discrepancy .
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